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ON RETAINING THE PROPERTY OF UNIFORM ASYMPTOTIC STABILITY WITH RESPECT
TO SOME OF THE VARIABLES

A.O. IGNAT'YEV

Two systems of differential eguations of perturbed motion (i.e. having

a zero solution), with their right-hand sides differing from each other
by certain "perturbing” terms, are considered. One of the systems is
assumed to be uniformly asymptotically stable with respect to. some of the
variables. The constraints imposed on perturbing terms are indicated
under which the zero solution of the second system retains the property
of uniform asymptotic stability with respect to some of the variables.

1. Let the differential equations of perturbed motion have the form
=X z p, ¥y=Y 2,9 (1.1)

where =z, X are the n-dimensional and vy, ¥ the m-dimensional vectors respectively, with
components i, Xi, y;5, Yy, We shall consider, together with Egs. (1.1), the system

i

=Xz, )+ 0V )+ BV 2, ) 1.2)

V=Y )+ 0P+ BP 2
where (%, R® are n-dimensional and @@®, R® m-dimensional vector functions respectively,
with components 0¥, R{), 0@, R®. In what follows, we shall assume that the right-hand sides

of systems (1.1) and (l1.2) satisfy the conditions for the existence of unique solutions with
prescribed initial conditions, depending continuously on the initial data, in the region

Tg=1XByg xR™ I=10, o[, By ={z=R":|z| < H) (1.3)

We shall assume the solutions of system (1.1) and (1.2) to be y-continuable. This means

/1/ that any solution z(, y( will be defined for all ¢>0 for which |z()||< #. Here the
symbol [°l denotes the Euclidean norm. The functions R, ¢W satisfy, in the region (1.3),

the estimates
IR ¢, 2, i< LIzl 109, 2, pis Lzl (L= const),

and RY, R®  are assumed to satisfy the Lipshits conditions in z, y. Let

z=(xy, 2(t 9 =(X,7), ¢ 2= (QW; ¢¥)
R(t, z) = (R®, R®),
Then the conditions will take the form
JRi(t, ) —Rit, |<SL]Y—P| G=1,..., ni+m

and Eqs. (1.1) and (1.2) will be written, respectively, as

2’ =1Z(t, 2) (1.4)
T=Z(t, 5+ Q( o)+ A, 2. (1.5)

Let us assume that systems (1.4) and (1.5) have the trivial solution
z=0 (1.6)

The problem of the stability of solution (1.6) with respect to some of the variables
has been discussed in a number of papers /1-7/ and a fairly full survey can be found in /7/.

2. We shall introduce the following definitions.

Definition 1. We shall say that the function @Q(, 27 satisfies condition 43 relative
to =z’ if there exists k>0 such that for any &=]10;2[ an instant of time T >0 and a
function g (§ continuous on [ e[ can be found such that [Qult, 2 |<g @ (=1, ...,n+m for

all z= (Ba \ By X A", t= (1, o[  and

*prikl.Matem,Mekhan.,53,1,167-171,1989

136



137

41
‘l_if:GE =0, G = S & (8) ds

Definition 2. We shall assume that the function @ (, z satisfies the condition 4,
with respect to =z, if a number k>0 exists such that if ze Pp X R™, tel, then 10 (2, )|
g() s=1,...,n+m and

t4-1
LmG@®) =90, G(t)= Sg(:)ds
tvoo f

Clearly, if condition A4, with respect to z holds, so does condition 4; with respect to

Theorem. Let the solution (1.6) of the system of differential Egs. (1.4) be uniformly
asymptotically z -gtable, and let the stability be proved using the twice continuously dif-
ferentiable function v (¢, z), defined in the region Tx(h<H) and having, in this region, the
estimates

alzb<v(, H<bad v lgy <—clzb @1
o v v %
| SP | FSY |am | <e ‘m? <w

where a, b, ¢ are the Hahn functions and N is a real number. Then, if the function Q(, 2
satisfies condition 4; with respect to =z and function R (¢ 2) satisfies the relations

4T
lim 5 R, (s,2)ds =0

uniformly in T e&l, z= By X R™, then the trivial solution (l.6) of Eq.(l.5) will also be
uniformly asymptotically stable with respect to z and oce]0; k[ will exist such, that the
set By X R™ will be contained within its domain of =z-attraction.

Proof. Let us set an arbitrary e>>0, assuming that e<<h, and write t= b? [%a(ﬁ)] .

Then by virtue of inequalities (2.1) we have

. 1
o, , S R = .
l|=1¢|l|1=8') t,2>a(® “:UKPE"(‘ HSEE) =2 () (2.3)

~

We shall show that any trajectory z()=1:(t ¢, z) of Egs.(1.5) passing, at a sufficiently
long instant of time ¢, through an arbitrary point z = (%, w), fxnl=% satisfies, when t2>¢,
the inequality lz (9| <e. Let us assume the opposite. Let a system of equations of the form
(1.5) exist, satisfying the conditions formulated above, and let the system have a solution

z2{t) =z (t 4, 2) (2.4)
satisfying the conditions |z(h) =& [z()l=¢ and, when te [t t], the trajectory of (2.4)
will be situated within the region
E<lzl<e y=R™

By virtue of system(l.5) the derivative of v (t, z has the form

n4m
g =0 lay + Z A NUEEEACE)
i=1 t

and from this we have

Av=-yp (t2, 2 (82)) — v (hyz()) S —¢ (E) (t2 — t) + IQ + IR; (2'5)
l., n4m
Ip = S 2 ?"(Z’f‘(”)pi(t,z(t)m; P=Q,R
i

toi=)1

Let us obtain the estimates for the integrals appearing on the right-hand side of (2.5):
ty
Hgl<N(+m o @zenia< 2.6)
t
1 ' 4
Neatm{g@as<iatm | 60 ¢>1

t t—1
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The last inequality in (2.6) follows from the results of /8/.
Let us introduce the function

E, ()= s G
1@ as{r-il;}mgg(s)

which, by virtue of the property Gy () — 0 as s— 00, 1s monotonically non-increasing and
satisfies the condition E;()—0 as - eo. This yields

[Igt SN (n+ m) By () (e — &+ 1)<
Ni{n+ m)Eg(tv)(tz—tl’{‘i)' i<y

Let us now obtain an estimate for the integral I, To do this, we shall divide the segment
[t:¢]  with the points G =4+t k=12, ..., p—1), B =¢4, 0p =¢ into p different subsegments
and write i = z(B). We have the inequality
g < Fy |+ | Fa
=1 Ok n-tm
Fi= 2 ""_(;;ﬂai (thz@)dt—F,
= 6 =1 K
p~1 Okt ngm
\ M R, {t, 2%
Sd % [Zh '
k=) M =51

Since the limit relations (2.2) hold uniformly in Tel,ze By X R™, it follows that we
can write them in the form
4T
{ S B (s, 9ds| <o) (=12...n4m),
t

where o (t) is a continuous function monotonically decreasing to zero. This yields the
estimates

FF, | KN (n+ m) @ (1) < pN (n 4+ m) @ (t) = pMy
| £ | < pMve

where ¥ is a number depending only on the properties of the function v{4 z3 and the constants
e, N, L.
Let At be the lower bound of the differences ¢ -1, such that Jz@I=E8@),1z{)]= &
It is clear that At= At{e)>0. It what follows, we shall assume that !, =t (e) satisfy the
inequalities
a2t 1, ~eBH2+ N (n+ m) By (6 <O .7
—e ) AL (/12 ++ N (n+ m) By (1) <O

Let us choose 1t , satisfying the quadratic inequality
1~ 2ut -+ y <0, u=c(B/(3M).

This inequality will hold if relr, i =u— Vid =y, n=u+ ViF_—y We shall assume
the quantity ¢, to be so large, that the following inequality holds:

P (1) < & BYOMN (n + m)) 2.8
This ensures that the relations ¥ —y>0, 1, >71,>0 will hold.
We shall show that a natural number p and 71e€]1t, %l exist such that the relation
PT =1y — 4 (2.9
holds. Using condition (2.9), we can write the inequalities 7, <1< T, in the form
(ty = )T, 2> p > (8 — )i, (210

The sufficient condition for the natural number p satisfying the inequality (2.10) to
exist ig, that AL (ot - 1y > 1 @11

It can be confirmed that ineguality (2.11)} holds when y—0-+ 17, and this implies that
it will also hold when Y<¥ where v,= () is sufficiently small. Thus if ¢ together
with conditions (2.7) and (2.8) satisfy the inequality

L ()

then Av < —c{®) {; — #)/6, and this contradicts relations (2.3). The contradiction shows that
for any system of the form (1.5) there are no instants of time &, t (ts > t; > 1, (e)), such that

lz@)l=% lz(t)] = e
From the results of /4/ it follows that when conditions (2.1) hold, the estimate | X (1, z, I <
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Liz| is valid. Any solution z{t, t.2%) of Egs.(1.5) depends continuously on the initial
conditions, therefore there exists §>0 such, that for any &< [0; 2], 3= By X B™ the con-
dition Nz (te to 20| <<t holds. Since the quantities & and ¢, depend only on &, it follows
that 6 will also depend only on e. This proves the uniform z-stability of the solution
(1L.6) of Egs.(1.5).

We shall now show that solution (1.6) of system (1.5) is uniformly asymptotically stable
with respect to =z Let A be any fixed number (0<h<h). We have already proved that
there exists o(A\) >0 such that any trajectory =z(8 =1z(t ), 2)of the system (1.5) satisfying
the condition 3z € By X R™, will satisfy at any t>1%,>0 the condition z(}) & B, X R™.

We shall show that for any p>0(p<A) we can show T (p)>0 such that the inequality
2@l <p holds for any z =B, X BR® tyel, t>t+T. Let 0<p<A We have already shown
that there exists &(p)>0 such that condition z(7,) & ByX R™ implies z(}) & B, X R™ for

any tz> To> 0. Let us estimate the time during which the trajectory may be situated within
the region (B, \\ Bg) X R™. As before, we can show that

Av=v(t, z(t)) — v (T, 2(T)) < —c(d) (t —~ T))/6 2.12)
for t>» T, where I, depends only on ©&(p), i.e. T,=T(p. From the inequality (2.12) we
obtain t— Ty & 6Avic (8) <

61p (M) — a (8)le (8) = T, (p)
Putting T (p) = T,{p)+ T.(p) we find, that for any sz &Bz;X A", {1, 1>+ T the inequality
[zt to, 20) | <p holds. This means that the solution (1.6) of system (1.5) is uniformly
asymptotically stable with respect to =z,and the set By X R™ lies within the domain of
z-attraction.

Corollary. The conclusions of the theorem remains valid if the function @ (¢, z) satisfies
the condition A, with respect to =z, provided that the remaining conditions of the theorem
hold. Thus, for example, the condition holds if one of the following relations holds:

-]
lim g (1 = o, Sg(t)dt(oo

We note that in the case when m =0, R=0, the conclusion of the theorem was obtained
in /8/, while for m =0, Q =0 the theorem was proved in /9/.

3. We illustrate the application of the theorem by considering the system of ordinary
differential Egs.(1.2) where n=2 m=1, X, = —z83, X,= —a,%. Y = gzsiny, BY = r,cos 2, RV =
zsin 2, R® = g arcigysin 3, O =0, W =2, (1+¢t|x )2, ¢¥ =0. To prove the uniform asymptotic z-
stability of the zero solution of system {(1.1), we can use the Lyapunov function ¢ = z*-+ %
The validity of the condition A; with respect to z for the function (¢ and the feasibility
of the limit relations (2.2), can also be proved by elementary methods. Therefore the trivial
solution =z =0, z,=0, y=0 of Egs.(l1.2) is uniformly asymptotically r~stable.
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